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constant, and their mass does not depend on it, so the heat capacity is zero. We investi- 
gate geodesies and wave propagation in these spacetimes and find superradiance in the 
rotating case. Because of the non-asymptotically flat nature of the geometry, certain 
modes are reflected from infinity; in particular, all superradiant modes are confined. 
This leads to a classical instability of the rotating solutions. The non-rotating linear 
dilaton black holes are shown to be stable against spherical perturbations. 
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1 Introduction 



Non-asymptotically flat spacetimes containing event horizons recently attracted attention 
in connection with the conjecture of AdS/CFT correspondence and its generaUzations. In 
most cases the asymptotic geometry considered was of the AdS type, such configurations 
frequently demonstrate holography, the field theory side being some conformal field theory. 
As is well-known, AdS geometry typically arises in the near-horizon limit of non-dilatonic 
BPS black holes and/or p-branes. Other examples of holographic backgrounds are provided 
by the linear dilaton solutions which arise as near- horizon limits of dilatonic holes/branes 

In such cases the dual theory is likely to be not a local field theory. In particular, the 
near-horizon limit of parallel NS5 branes is dual to the decoupled NS5 brane theory known 
as "little string theory" 121 El • It is therefore interesting to investigate other backgrounds 
which asymptote to the linear dilaton vacuum. 

Here we present new four-dimensional solutions describing rotating black holes in a linear 
dilaton background. Actually, a non-rotating version of such a black hole was given long 
ago by Giddings and Strominger 01 (see also 0) as some limit of extremal dilaton black 
holes inilZllHllEI ('horizon plus throat' geometry), but apparently was not fully appreciated 
as an exact solution of Einstein-Maxwell-dilaton theory describing a non-asymptotically 
flat black hole. We flnd that within the Einstein-Maxwell-dilaton-axion theory there exist 
rotating black hole solutions (possibly with NUT parameter) which asymptote to the linear 
dilaton space-time. The latter is supersymmetric (1/2 BPS), while our black holes break 
all supersymmetries. Presumably their higher dimensional counterparts exist as well and 
may serve as an arena for non-supersymmetric holography, although we do not present any 
evidence for this here, being concentrated on geometric and other physical properties of the 
new solutions in four dimensions. 

In the non-rotating case our black holes can be regarded as excitations over the linear 
dilaton vacua, forming a two-parameter family, which can be obtained as near-horizon and 
near-extreme limits of the "parent" dilaton black holes. To identify the physical mass we use 
the Brown- York formalism These spacetimes are not asymptotically flat, so a suitable 
substraction procedure is needed (of the type described in ^01) to obtain flnite quantities 
from the integrals divergent at inflnity. For the non-rotating black hole the linear dilaton 
background is a natural (and unique) choice for such substraction background. With this 
prescription we are able to establish the validity of the flrst law of black hole thermodynamics 
dM = TdS, in which the Hawking temperature is independent of the black hole mass, but 
depends on the parameter of the background. The entropy is given by the quarter of the 
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area as usual. The mass is therefore independent on the temperature, so the heat capacity 
is precisely zero. In other words, these black holes will be in a marginal thermodynamical 
equilibrium with the heat bath. We also check that the non-rotating linear dilaton black 
holes are classically stable against spherical perturbations. 

We also present a rotating version (possibly with NUT) of linear dilaton black holes, in 
which case the axion is non-zero, but (as well as the dilaton) is independent of the black hole 
mass. These may be regarded as excitations over the rotating Israel-Perjes- Wilson (IWP) 
jllj solutions which correspond to a vanishing black hole mass parameter, but non-zero 
rotation parameter. The metric possesses an ergosphere outside the event horizon, which 
rotates with some angular velocity The angular momentum J computed as a surface 
integral at spatial infinity contains both a geometrical contribution and that coming from 
the Maxwell field. The Hawking temperature and the entropy depend both on the mass 
and the angular momentum of the black hole, these quantities are shown to satisfy the first 
law in the form dM = TdS + VlhdJ ■ 

Surprisingly, these new rotating black holes are related in a certain way to the five- 
dimensional Myers-Perry rotating black hole with two equal angular momenta. This 
relation is non-local and derives from the recently found new classical duality between the 
D = A EMDA system and six-dimensional vacuum gravity XZ^ (for more general non-local 
dualities of this kind see ) . The symmetries of the six-dimensional solution combine in a 
non-trivial way the space-time symmetry of the four-dimensional EMDA solution with the 
internal symmetry 50(2,3) ^ Sp{4:,R) of the stationary EMDA system. 

The Hamilton-Jacobi equation in the rotating linear dilaton black hole spacetime is 
shown to be separable as in the Kerr case, indicating the existence of a Stachel-Killing 
tensor. Timelike geodesies do not escape to infinity, while null ones do so for an infinite 
affine parameter. The Klein-Gordon equation is also separable, the mode behavior near the 
horizon exhibits the superradiance phenomenon. We show that all superradiant modes are 
reflected at large distances from the black hole, so there is no superradiant flux at infinity, 
in contrast with the case of massless fields in the Kerr spacetime. This situation is similar to 
the confinement of massive superradiant modes in the Kerr metric, which are reflected back 
to the horizon causing stimulated emission and absorption. In the classical limit this leads 
to an ampliflcation effect due to the positive balance between emission and absorption. In 
the Kerr spacetime this phenomenon is rather small, being present only for massive modes. 
In our case massless modes are confined too, therefore all superradiant modes will form 
a cloud outside the horizon with an exponentially growing amplitude. This is in fact a 
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classical instability which manifests itself in the rapid transfer of angular momentum from 
the hole to the outside matter cloud. A similar conclusion was obtained in 15 for the case 
of the Kerr-AdS spacetime with reflecting boundary conditions on the AdS boundary. 

For certain values of the parameters our solutions represent a naked singularity on the 
rotating linear dilaton background. We have found that in some cases the spectrum of the 
massless scalar field may be partially or entirely discrete. 

The plan of the paper is as follows. In Sect. 2 we investigate the near- horizon limit 
of static dilaton black holes and show that a suitable limiting procedure leads to a two- 
parameter family of exact solutions of the EMDA theory, which includes static black holes 
asymptoting to the linear dilaton background. In Sect. 3 we apply the Sp{4:, R) generating 
technique to find rotating and NUT generalizations of the above solutions, forming now 
a five-parameter family. Then in Sect. 4 we apply a non-local uplifting precedure to find 
six and five-dimensional counterparts to our rotating solution without NUT parameter, 
and show that it corresponds to the five-dimensional vacuum Kerr solution with two equal 
rotation parameters. The next Sect. 5 is devoted to the determination of the physical mass, 
angular momentum and other parameters of our new black holes, and to the demonstration 
of the validity of the first black hole law. In Sect. 6 we investigate geodesies and modes 
of a minimally coupled scalar field showing, in particular, confinement of the superradiant 
modes. The stability of the static solutions against spherically symmetric perturbations is 
established in Sect. 7. 



2 Static linear dilaton black holes 

Consider the EMDA theory arising as a truncated version of the bosonic sector of = 
4, = 4 supergravity. It comprises the dilaton cp and (pseudoscalar) axion k coupled to 
an Abelian vector field : 

S = ^j d^x^\i^-R + 2d^^d^'^ + ie^^a^K^'^K - e-^^F^.F'^^ - , (2.1) 

where^ F^'" = ^E'^'^^Fxr, F = dA . The black hole solutions to this theory were exten- 
sively studied in the recent past [TH l ITTl ITTI ITHl [T!71 OH] . 

In this section we will study a solution, describing charged static dilaton black holes, 
found in Refs. [HI 13 El- Recall the electrically charged solution (whose magnetic dual is 

^Here S""^^ \g\-'^/'^e'"'^^ , with e^^^'^ = +1, where a;* = i is the time coordinate. 
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obtained by the replacement {(f>, F) ^ [cj) = —cj), F = e '^'^F)): 

ds^ = (l-!±)dt2-(l-!±)-idr2-r2(l-— (2.2) 
r r r 

g20 ^ e^-^-Cl-— ), K = 0, (2.3) 
r 

F = ri-^drAdt. (2.4) 

where (j)oo is the asymptotic value of the dilaton field. The mass and charge of the black 

hole are 

M = ^, Q = e-^-g = e-<^-y^. (2.5) 

The extreme black hole (r_|_ = r„) is singular, the singularity being marginally trapped. 
In [S] and [3| (the "infinite throat with linear dilaton" case) the near-horizon limit of the 
extreme dilaton black hole has been considered, leading to 

ds^ = -^dt' - ^{dp' + p^dn^), (2.6) 
V2Q P 

g2<^ = e2<^°°^£=, F = ^e'^^dpAdt. (2.7) 
The string metric associated with the magnetic version of H2.6I) - (|2.7() is 



df - dw^ - 20^ d^f 



(2.8) 



with w = ^/2Qhip. This spacetime is a cylinder B? x S*^, and the associated dilaton 



w 



= + const. (2. 



V2Q 
is linear. 

Returning to the Einstein metric (|2.6j) . we see from the conformal map (|2.8|) that p = 
{w = —oo) is a null bifurcate singularity, while p = oo {w = +oo) is at spacelike and null 
infinity. While all curvature invariants go to zero at spacelike infinity, this metric is not 
asymptotically flat. In fact the following coordinate transformation 

^ = a"i^cosh(2Q2t) , r/ = a^^^sinh(2Q2t) (2.10) 

(with = 4:\/2Q) transforms to 

t2 _ 2 

ds'^ = drf - df - ^ ^ dn^ ■ (2-11) 
When ^ goes to infinity with rj held fixed this last metric asymptotes to the conical spacetime 

t2 

ds"^ = dri^ - df - -^dn^ . (2.12) 
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Now we shall generalize the "linear dilaton vacuum" metric ()2.6() by studying the near- 
horizon and near-extremal limit of (|2.2() - (|2.4() . Putting 

r_ = e~^ro, r+ = e^-'^ro + e6, r = e'^ro + ep, t = e^H, (2-13) 

where the dimensionless parameter e shall eventually be taken to zero, the solution (|2.2() - 
(|2.4|) becomes 

ds^ = -P:L^d?-''-^^^dp'-p{To + e^p)dn\ (2.14) 
ro + e^p p - h 

= P= ( ^2 ,2 dP^dt, (2.15) 

where we have chosen 0oo = — Ine. Finally taking e ^ and relabelling i ^ t, p ^ r, we 
obtain 

ds^ = "-Zldt" - ^dr^ - rorda\ (2.16) 
ro r — 6 

e^"^ = — , F=^^drAdt, (2.17) 
ro V2ro 

which is a generalisation of (|2.6|) - (|2.7)) . This configuration, which was previously given in 
^ (the "horizon plus infinite throat case" ) is an exact solution of EMDA. 

The Penrose diagrams corresponding to the different values of 6 (6 < 0, 6 = and 
6 > 0) are shown in Fig.l. For 6 > 0, (|2.16|) describes a static black hole, with a spacelike 
singularity r = hidden behind a horizon located at r = 6. The corresponding Penrose 
diagram is identical to that of the Schwarzschild black hole. However the spacetime is not 
asymptotically flat. The case 6 = corresponds to the extreme black hole (|2.6j) . with a null 
singularity. Finally for 6 < 0, (|2.16|) describes a naked timelike singularity located at r = 0. 

The two parameters rg and b have somewhat different physical meanings. The first 
describes the electric charge Q of the solution which is given by the flux through a 2-sphere 

Q = ^j ^-"^F^'Vadn = ^. (2.18) 

It is associated, not with a specific black hole, but rather with a given linear dilaton back- 
ground and its black hole family. The parameter b characterizing a black hole is proportional 
to its mass, as suggested by the following thermodynamical argument. Carrying out the 
Wick rotation t = it and putting r = b + x'^ the two dimensional sector (t, r) of 1)2. 16(1 
becomes : 



ds^ = — dr^ + Arodx'^, (2.19) 
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which is free from conical singularity provided r is an angular variable of period P = AnrQ. 
Therefore the Hawking temperature of the black hole is 

T = - = ^— (2.20) 

(computation of the surface gravity gives the same value). Assuming that the entropy is 
given as usual by the quarter of the horizon area 

S=^ = 7Trob, (2.21) 

we obtain from the thermodynamic first law 

dM = TdS (2.22) 

the value 

M = ^. (2.23) 
4 

This mass value will be confirmed in Sect. 5 by an independent computation using the 
method of Brown and York jH] . 

Note that here the parameter rg is kept fixed, being related to the linear dilaton back- 
ground, not to the hole. It would be interesting, however, to check whether this is correct in 
the framework of the grand canonical ensemble approach I22j . This is a non-trivial task 
because of the lack of asymptotic flatness (in particular, the value of the Maxwell potential 
entering the standard first law for charged black holes diverges at infinity), and remains 
beyond the scope of the present paper, where we rather use microcanonical considerations. 

Now we give the cr- model representation of the solutions (|2.16|) - (|2.17j) . In the stationary 
sector of EMDA, reduction to three dimensions can be performed by using the metric ansatz 

9,.= \ ^ ^ I , (2.24) 

-f^i -f hij + fuJiUj 

and parametrizing the vector field by an electric potential v and a magnetic potential u 
according to 

Fio = -^div, e-'^^F'^ + kF'^ = -J=e^^''dkU. (2.25) 

v2 v2/i 

From the mixed components of the four-dimensional Einstein equations, may be dualized 
to a twist potential x by ^3 

dix + vdiu - udiv = -^hje^'^^dkioi. (2.26) 
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The six potentials /, v, (p, k parametrize a target space isomorphic to the coset 

Sp{4:, R)/U{2) 23 , the EMDA field equations reducing to those of the corresponding three- 
dimensional a model. A matrix representative of this coset can be chosen to be the sym- 
metric symplectic matrix |24| 



M 



QP-^ P + QP-^Q 



(2.27) 



where P and Q are the real symmetric 2x2 matrices 



-20 



Q 



vw — X w 

W —K , 



(2.28) 



with w = u — Kv. 

When all the potentials depend on a single scalar potential a (such as in the case of 
spherical symmetry), this potential can always be chosen to be harmonic (V^cj = 0). The 
remaining cj-model equations, which reduce to the geodesic equation on the target space, 
with a as afRne parameter, are solved by j2Uj 



M = Ae^", 



(2.29) 



where the matrices A and B are constant. In the case of asymptotically flat solutions, the 
vacuum matrix A is diag{+l, —1, —1) in the gauge o"(oo) = 0. In the present case, the 
matrix M associated with the linear dilaton black hole solution H2.16() - H2.17|) is 



The corresponding harmonic potential is 





i — b 


r 
r—b 








\ 




r 
r—b 


b r 
r'o r—b 


















_b_ 

ro 


-1 




v 








-1 


r 


/ 



(2.30) 



and the matrices A and B are 

/ -1 

-1 



A 





V 



b_ 

ro 









_b_ 



(2.31) 



\ 



-1 

/ 



/ 



B 



-ro 







b 







\ 



-ro 
-b J 



(2.32) 
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In the case Tr{B'^) = 0, ()2.29|) is a null geodesic in the target space [20], and the 
corresponding solution is of the Majumdar-Papetrou type. Here this occurs for a vanishing 
black hole mass 6 = 0. As obvious from (|2.6() . the spatial metric hij is flat in this case, 
so that one can linearly superpose harmonic potentials Ui = 1/rj to construct multi-center 
solutions 

ds^ = ^^dt^ - ^ aidx^. (2.33) 

i 

This is related to the fact that the linear dilaton vacuum solution H2.6I) - (|2.7() is BPS, in the 
sense that it has N = 2 supersymmetry [3], i.e. half of the original symmetries of = 4, 
D = 4: supergravity are preserved. 



3 Kerr extension 



In this section we wish to generalize the static solution (|2.16() - (|2.17|) to a rotating one. To 
do this, we shall first find the linear transformation U 

M U'^MU (3.1) 

that transforms the matrix Ms associated with the Schwarzschild solution into the matrix 
Mg associated with the static black hole solution (|2.3fl|) . Note that this transformation 
changes the matrix representative, i.e. the potentials contained in the matrices P and Q, 
without changing the reduced three-space metric hij, which is invariant under U. Then we 
shall apply the same transformation to the matrix representative Mk of the Kerr solution 
to generate a rotating black hole metric M^k- 
The Schwarzschild solution 

2M. ._n 2M^ 



ds^ 

^20 



-)dt' - (1 

r 

«; = 0, 



(1 

1, «; = 0, F = 

has the same reduced 3-metric as (|2.16() provided we identify 

h = 2M. 

The corresponding Schwarzschild matrix is 



)-'dr' - r'dn' 



(3.2) 
(3.3) 

(3.4) 



Ms 





r 

r-2M 











\ 







-1 


















r-2M 
r 







v 











-1 


/ 



(3.5) 
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Using p.lf) , H3.5|) and 1)2.30(1 we derive the expression of the matrix U 



( 



U 



\ 



rnr 

V 2M 
2M 







Consider now the Kerr-NUT solution 
A-a^ sin^ ^ 















«20 



1, 



\ 






rnr 

2M 
2M I 



A sin^ e 



{dt - Lodcpf -^i — + de^ + — ^ dif^ 



A — a? sin^ i 



0, F = 0, 



with 



A 



00 



- 2Mr + - iV^ 



S = r2 + (iV + acos6')2, 
NA cos e + a{Mr + iV^) sin^ 6' 



A — sin^ ( 



The corresponding matrix is 



Mk 



( 





-xf-' 





\ 





-1 















f + x'r' 







\ 








-1 


/ 



where 



/ 



A — sin^ i 



X 



N{M - r) + aM cos 9 



Applying the transformation ()3.1|) to the matrix Mk we obtain 



/ ro{l-f) _1 ^ 



M^X = U^MkU 



\ 



_1 
f 



''ox 



24 







2Mf 
— X 

f 
-1 



2M 

_1 /"--.a I f2 



2Mf f ^ 2M/(^ + / 

Comparing l|3.13p and (|2.27() we obtain the rotating black hole solution generalizing 
A-a2sin2 6',, , ,0 „ / dr^ _o Asin2 6' 



+ (iV + a cos ( 



+ (AT + a cos 6*)^ 



sm 

ro A(r - M) - aM cos 6* 
M r2 + (iV + acos6')2 ' 
ro N{r - M) - aM cos 61 
M f ' 
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with 



- 2Mr + a- 

ro NA cos 6 + a{Mr + N'^) sin^ 6 



r = ^{Mr + + aN cos 9), 



(3.17) 
(3.18) 



M A - a2 sin^ u 

This new solution can again be shghtly generahzed by the action of the S-duahty trans 
formation SL{2, R) 

az + f3 



K + le 



-24) 



6v + 7M, 



Pv + au {a6-p-f = l), (3.19) 



7z + (5 ' 

which generates a magnetic charge without modifying the spacetime metric. 

We now focus on the case = 0. The stationary solution (|3.14jl - (|3.1(ij) is then signifi- 
cantly simplified to 



F 

-2cl> 



r-2 - 2Mr + a? 



1 

71 



r^r 
— cos^ 9 



ror 



dr"^ 



r.2 _ 2Mr + a2 



+ d9'^ + sin^9(d^ 



-dt 



ror 



dr Adt + a sin 29 d9 A { dip 
roa cos 9 



-dt 



ror 



+ cos^ ( 



+ cos^ 6 ' 

The Maxwell two-form is derivable from the following four-potential 



V2 



1 / r"^ + cos^ I 



ror 



■dt + as'm 9 dip 



(3i.20) 

(3.21) 
(3.22) 

(3.23) 



where the gauge is chosen such that the vector magnetic potential be regular on the axis 

e = o. 

Although the metric (|3.2U|) was derived from the Kerr metric, it differs in its asymptotic 
behavior (r oo), which is the same as for the linear dilaton metric ()2.6() . and in its 
behavior near r = 0. In the case of the Kerr metric, r = is the equation of a disk through 
which the metric can be continued to negative r, while in (|3.2U|) r = is a timelike line 
singularity. It follows that the Penrose diagrams of 1)3. 2U() for the three cases > a^, 

= and < are identical, not to those of the Kerr spacetime, but rather to those 
of the Reissner-Nordstrom spacetime, with the charge replaced by the angular momentum 
parameter a. 

The massless case M = is of particular interest. The Kerr metric with M = repre- 
senting flat Lorentzian spacetime, it follows that the reduced 3-metric hij in ()3.2U|) . which 
is identical to that of the Kerr metric with M = 0, represents flat Euclidean space. This 
property is characteristic of the generalized Israel-Wilson-Perjes (IWP) solutions. Indeed, 
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following the methods of [20], we can show that for M = the matrix Mix depends on the 
two harmonic potentials 

r cos 9 



a 



+ a? cos^ I 



+ a? cos^ I 



through 



M,;^ = ^e^'^+^^ 
where the matrices A and B are those of H2.32() with h = 2M = 0, and 



C 



(3.24) 



(3.25) 















aro 


v 





C2 


= BC 



(3.26) 



in the two harmonic potentials, 



MiK = A{I + Ba + Ct) . 



(3.27) 



It follows that given any two harmonic potentials a, r, we can construct the IWP general- 
ization of the rotating black hole solution H3.14() - H3.16|) with M = N = 



A 

,-20 



idt — uji dx^) — road x, 

rod 



1 



roCT 

roa, K 



{dt — oji dx^), 
-aroT , 



with 



diUJj 



ar, 



-eijkd T. 



(3.28) 

(3.29) 
(3.30) 

(3.31) 



The general IWP solution ()3.28|) - ()3.3U() was previously constructed in TT. The multi- 
center solutions given in [20] are asymptotically flat, and so do not explicitly include 
the solution 1)3. 14() - H3. 16(1 with M = N = 0. This solution can be recovered from the one- 
particle rotating IWP solution given in [2] by taking the infinite mass limit. It was shown 
in that the general IWP solution is BPS, i.e. has N = 2 supersymmetry when embedded 
in N = 4, D = 4 supergravity, and this result applies also to our new non-asymptotically 
flat solutions (jSIIll)-((SIini) with M = N = 0. 
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4 Six-dimensional vacuum dual 



As shown in ^H], the four-dimensional EMDA theory is equivalent to a sector of source- 
less six-dimensional general relativity with two Killing vectors. That is, any solution 
{dsl, Afj_, (p, k) of EMDA may be lifted to the Ricci-flat six-dimensional metric 

dsl = dsl-e-''f'e-e^HC + <?, (4.1) 

with 

^ = dx + V2Af, dx^ , C = dri + V2B^ dx^" , (4.2) 



F^,{B)=e-^'^F^,iA)-KF^,iA). (4.3) 

Note that the S'-duality of the four-dimensional dilaton-axion theory is here explicitly real- 
ized as the group of linear transformations of the 2-plane {x, Vj)- 
In the present case we obtain from Eqs. (|3.14)) - (|3.1(i|) 



A = --j^[[r' + {N + a cos eY\dt + ^[N/:\ cos e + a{Mr + N^) s\n'e]d^] , {A A) 
(M2 + N'^)rn ( 

B = ^ ^ ^ ^ ^ {{N + acos9) dt-ror cose dip], (4.5) 



leading for the six-dimensional metric to a long and unenlightening expression. In the case 
= 0, after rescaling rj — > rQr] this reduces to 



.2 _ 2M^^2 ro, 



dsc = dt — 2dxdt (dx + ad(f — a cos 6 dn) 

ro r 

dr^ - Aror dnl (4.6) 



In (jOl) . 



dnl = i {de^ + sin^ 9 dif'^ + [dT] - cos 9 d^f) (4.7) 

is the metric of the three-sphere if < < vr, and the angles r] and ip are defined modulo 
27r. This can be seen from the fact that the coordinate transformation 

X + = r cos(6'/2)e*^, z + i-w = rsin(0/2)e*^, (4.8) 

describes the embedding of the three-sphere + + + nP' = in four-dimensional 
Euclidean space 

dx^ + dy^ + dz^ + dw"^ = dr'^ {d9^ + drf' + dip"^ - 2 cos 9 drj dip) . (4.9) 
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Remarkably, the metric ()4.6() is asymptotically flat. Defining new coordinates by 

e = 9/2, = (v9 ± r?)/2, 

# = (2M/ro)i/2(dt + (ro/2M)dx), (4.10) 
dT = {2M/ro)-^/^dx, 

it can be put in the form of a direct product 

dsl = + dsl, (4.11) 

where 

ds"^ = dr"^ — ^( dr + (a/ 2) (dip — cos 6 dri)] 7, — t — dO^ 

= dr'^ - -^(^dT + dsm'^9dip+ + dcos^9d(p-^ (4.12) 

S rr^ — T -P^( d9^ + sin^ Mifl + cos^ 9dipl 

1 — pp'"^ + pa^p~* \ 

{p = 8Mro, a = {2ro/My/^a) is the five-dimensional Myers-Perry black hole J2] with two 
equal angular momentum parameters. Accordingly, the six-dimensional metric 1)4. 6(1 enjoys 
the symmetry group SO{3) x [/(I) x f/(l) x U{1) generated by the six Killing vectors 

Li = cosr]de - ^^d^ - cot9 sin-qdr,, 1^ = 8^, 

L2 = smr]dg + ^^^dy, + cot9 costjOtj, = dr, (4.13) 

L3 = dri, Lq = d^. 

It is interesting to observe that the four-dimensional rotating solution did not possess the 
spherical symmetry, the origin of the 5*0 (3) component in six dimensions may be traced to 
the Sp{4:,R) ~ 50(3,2) invariance of stationary EMDA configurations. 

Several particular cases are interesting. The Myers-Perry black hole is extremal for 
4cP = p {a? = M^). For a = (a = 0), the spacetime (|4.12|) reduces to the static black 
hole 

dsl = (l-^)dr'-^^-p^d^l (4.14) 

leading for the six-dimensional metric to the higher symmetry group 50(4) xf/(l)xC/(l). ( 
Note that 50(4) ~ 50(3) x 50(3), where the first 50(3) is the spatial spherical symmetry, 
and the second is the internal 50(3) subgroup of 50(3, 2)). For /i = ()4.12|1 reduces to 
five-dimensional Minkowski space. 
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For M = the coordinate transformation ()4.1U|) breaks down. In this case ()4.5() reduces 

to the six-dimensional asymptotically flat metric 

4^2 / \ 2 ,2 

dsl = -2 dt dx -^(dx + aid^- cos edri)) - ——J^^—- - dflj. (4.15) 

Finally, for M = and a = 0, this reduces to the six-dimensional metric 

4^2 

dsj = -2dtdx- dx^ - dp^ - p^ dnl (4.16) 

This has flat spatial four-sections, and is easily seen to be a special case of the six- 
dimensional multi-center metric, generalizing the five-dimensional "antigravitating" solu- 
tions given by Gibbons 6 (Eq. (18), see also ^25_, Eq. (40)) 

dsl = 2dtdtp - Fdtp^ - dx2, (4.17) 

with F{x.) an arbitrary harmonic function of the four spatial dimensions. 



5 Mass, spin and the first law 

Let us discuss the physical properties of the rotating dilaton black hole solution with = 
(|3.20() . The space-time contains an event horizon located at r = r+ which is the largest 
root of the equation A = (r — r-)(r — r^) =0: 

r± = M±Vm'^ -a'^. (5.1) 

This expression is the same as for the Kerr metric, but one has to keep in mind that M is 
no longer the physical mass of the solution. 

Again as the Kerr space-time, the space-time 1)3. '20() does not admit a globally timelike 
Killing vector field, and therefore contains an ergosphere whose boundary corresponds to 
vanishing of the norm of the Killing vector dt (i.e. is given by the largest root of gu = 0): 

re = M+ \/m2 - a2 cos2 e. (5.2) 

All physical frames inside the ergosphere are rotating. The angular velocity of the horizon is 
determined by vanishing of the norm of the linear combination of the timelike and azimuthal 
Killing vectors dt + ^hd^^ on the horizon (|5.1|) 

nh = (5.3) 

ror+ 

Let us compute the mass and the angular momentum of the NUT-less stationary black 
hole (|3.2fl|) using the method developed by Brown and York (2J. Consider a spacetime region 
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M foliated by a family S of spacelike slices of two-boundary B, which we shall assume to 
be 2-spheres r = constant. The metric on M is written in the ADM form ^26^ as 

ds^ = -N^ dt^ + hij{dx' + V' dt){dx^ + W dt). (5.4) 

From 1)3. 2U|) the unit normal to S is = — A^JjJ, with = -y/A/rgr , and the induced 
metric h^y = g^^ + u^,Uy on S is 

hjdx'dx^ = ror + d^^^ . (5.5) 

The timelike component of the three-boundary of M is the product of B with segments 



of timelike lines orthogonal to S at B. The unit normal to '^B is = r^r / IS. S''^, and the 



induced metric aav = ^u;/ — nnn^ on i? is aahdx°'dx^ = rordfJ^. 



"A" 

_ ,, ,-. ^-vi r? ^ .^l^aj^b _ ^„^^n2 

The surface stress-energy-momentum tensor r*-' is defined by the functional derivative 
of the action with respect to the three-metric on '^B. The normal and tangential projections 
of T*-' on B lead to the proper energy surface density and proper momentum surface density 



1 8S 

e = UiUjT'^ = - — — , (5.6) 



J, = -a„,n,r^ = — (5.7) 



Here the "renormalized" action S is the sum 

where and S^^) are the "gravitational" and "matter" pieces of the action (|2.1j) . eval- 
uated at a given classical solution, and S'(o) is the value of the action 5 at a reference 
or background "vacuum" classical solution. Such a substraction is necessary in the case 
of a non-asymptotically flat metric jH] ^01 • Here the natural choice for the vacuum in a 
given charge sector is the linear dilaton metric (|2.6j) . corresponding to M = a = and the 
specified value Q = ro/\/2 of the electric charge. 

We first discuss the computation of the proper energy surface density e. The gravita- 
tional contribution is 



1 

8^ 

where k is the trace of the extrinsic curvature of B as embedded in S, 



/c = -./Ai. (5.10) 

V tqt r 
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The matter contribution originates solely from the gauge field piece of the action H2.1() and 
is given by 

Hm) = ]^^0^^ (5.11) 

Here W = N^/hE'/'i vr is the canonical momentum conjugate to Ai, the radial component 
E'^ reads 

V2r 

(it follows from (|5.12|) that the electric charge is given as in the static case by Q = —AttW = 
tq I \f2) , so that we obtain from p. 23(1 

1 /ror + cos^ 6 
= -8^V^ ~' ■ ^^-'^^ 

It is worth noting that in the Brown- York formalism there are two quantities associ- 
ated with energy: the proper energy density e, whose integral gives the Brown- York total 
quasilocal energy E = cPx^/ae, and the mass A4, which is given by the following integral 
over a large sphere at spatial infinity 

M = - j (fx^/auo£ = - j (fx^/auQ{et^g) + £(„) - e(o)). (5.14) 

B B 

Both quantities give the same answer for asymptotically flat spacetimes, but not for non- 
asymptotically flat ones. This difference, in particular, manifests itself for asymptotically 
AdS black holes, and it was found that it is the mass ^A which gives the correct form of 
the first law, while the energy gives the redshifted quantity [27j . So here we will calculate 
the Brown- York mass ()5.14|) . For asymptotically flat black holes, such as the Kerr-Newman 
one, the second term is zero and is usually ignored. In our case it is non-zero, and indeed 
linearly divergent, but is exactly cancelled by the electromagnetic contribution of the linear 
dilaton background evaluated with the same boundary data for the fields o", and Aq j28j . 
and in the present case with the same value of the electric charge. The linear divergence 
of the first term is cancelled by substracting the gravitational contribution of the linear 
dilaton background 



1 

Svr^/ror ' 

leading to the finite result 



£[gO) = (5.15) 



X = f = ^ (5.10) 

in accordance with the value (|2.22)) for the static case (we recall that the parameter M is 
the mass of the Kerr black hole which is transformed into the black hole metric (|3.2Uj) by the 
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group transformation Here (as usual) the black hole mass is given by the finite part 

of the gravitational contribution, the (divergent) matter contribution which is independent 
of the black hole parameters M and a being completely compensated by the background 
substraction. 

The angular momentum is computed along similar lines. The gravitational and matter 
contributions to the azimuthal proper momentum surface density are 

where Kij is the extrinsic curvature of S. The total angular momentum is given by the 
integral 

= J d^xy/aj^ = j c?^x^(j(g)^ + j(^)^) (5.18) 
B B 

(the spherically symmetric background does not contribute to (IS.IHI) ). Again the matter 
contribution j(^m)ipi which vanishes in the Kerr-Newman case, is often ignored (see however 
j29| and references therein). In the case of our rotating black hole metric ()3.2U|) we obtain 

j{g)ip = asin^e/lBTrr, j^^^)^ = 2j(g)^, leading to 

■1 = (5.19) 

Now we are in a position to check that our black holes obey the differential first law of 
black hole mechanics: 

dM = TdS + QhdJ. (5.20) 

The Hawking temperature of rotating dilaton black holes can be computed either via the 
surface gravity, or using euclidean continuation, both leading to 

r="+-^^. (5.21) 

27rror_|_ 

The entropy is given by the quarter of the horizon area 

S' = 7rror+. (5.22) 

Using dSHni), (Eini), (|^^ - and it is straightforward to verify the first law 

1)5. 20() . in which differentiations are performed for a fixed value of the electric charge ro/\/2 
which is characteristic of the linear dilaton background. 
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6 Geodesies and test scalar field 



To get further insight into the nature of our solutions, consider first geodesies. The 
Hamilton-Jacobi equation is separable in the general rotating linear dilaton black hole space- 
time (|3.20() in exactly the same way as as in the usual Kerr metric. This indicates that a 
Stachel-Killing tensor exists in the present case too. The variables in the equation 

dS dS 

are separated by setting 



g''" = f^' (6.1) 



s = -st + Lip + e{e) + n{r), (6.2) 

where £ is the conserved energy and L is the azimuthal momentum. We find 

n ^ J + = 0, (6.3) 

Q'\e) + ^ = ic\ (6.4) 

sm 

The separation constant /C is an analogue of Carter's integral for the Kerr metric, it is equal 
to the square of the total angular momentum. Equatorial motion corresponds to /C = L. 
Finally we obtain the Hamilton-Jacobi action in the form 



S = -8t + L'f± [ \ K?- de± I ^/{£rQr - aLf - A(/C2 + ^uVgr) ^. (6.5) 

J V sin 9 J A 

From this one can derive the trajectory and the dependence of coordinates on time t. 

Alternatively one may describe timelike and null geodesies using the constraint equation 

dxf" dx" , , 

^^<?,. = e, e = l,0 (6.6) 

in terms of the affine parameter. Reintroducing the (renormalized) energy and azimuthal 
momentum as 

dx^ dx^ 
£ = m,^. L = -9.,^. (6.7) 

one obtains the following equation for the equatorial motion: 



^)'-(£-i^^l)%^(L^ + .r.r) = 0. (6,8) 

dXj V ^o?'/ yr^ry 



which can be rewritten as the conservation equation 



2 



^) +C/cff(r)=^^ (6.9) 
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with the effective potential energy 



, , LV 2M\ 2aL£ eA 

Ues{r) = — 1 + + — • 6.10 

Tq \ r J r^r r^r 

For e = 1 this potential grows linearly as r — > oo, so all timelike equatorial geodesies are 
reflected at large r. For null ones the potential is stabilized at infinity, so the geodesies 
with £■ < L/rQ are confined, while those with £ > L/vq go to infinity at an infinite affine 
parameter. 

Let us discuss the behavior of a minimally coupled test scalar field, starting with the 
linear dilaton background M = a = 0. The Klein-Gordon equation 

(V2 + /i2)^ = (6.11) 

separates in terms of the spherical harmonics 

^..zm = C^imYimie, ip)Ru.iir) e-*"* , (6.12) 

where we assume lo > 0, and the radial functions obey the equation 

(r^RliY - {u^ - 1/4 + /xVor)i?^z = 0, (6.13) 

where 



'(/ + 1/2)2 -tjVg. (g_14) 

For /U / the general asymptotic solution of the radial equation (|6.1,'-{|) reads 

R{r) ~ Ci e-2A'^A^ + C2 e^^^, (6.15) 

where one has to put C2 = for physical solutions, the exact solution vanishing at infinity 
being 

Rir) = C7r"i/2^2^(2/i^^), (6.16) 

with a modified Bessel function. These are the massive modes reflected from infinity 
whose existence could be guessed from the above analysis of geodesies. 

Near the singularity the mass term can be neglected and we obtain the following generic 
solution of the equation (|6.13j) which is of course exact in the massless case: 

R{r) = Ci r-"-^'^ + C2 r"-^'^. (6.17) 

For uj > {I + 1/2) /ro (imaginary v so that v = iq) these two terms represent ingoing and 
outgoing waves 

^(^) = ^ (^1 + ^2 e'"^") , (6.18) 
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where x = Inr. Introducing the current 

r = \rd^^, (6.19) 

one can see that the flux of the (spherical) mode is 

j f^dn = 47rg(|Ci|2 _ ICzp). (6.20) 

It can be checked that the solution 1)6. 16() corresponds to |Ci| = IC2I, so it can be interpreted 
as initiating from the singularity and reflected back to it by the linear potential barrier 
fj?r/2rQ. 

Now consider our general class of rotating metrics with = ()3.2U|) . The Klein-Gordon 
equation for the modes ^ = ^)e*^"^'^~^*^ takes the form 



ror ror sm ti 



r^r , am. 2 n 

— — (UJ ) ;5 fl 

A ror ror sin 9 



V' = (6.21) 



and is again separable. In fact, putting ip = R{r)Q(9) the above equation is split into the 
following two ordinary differential equations 

-^de{s\nedeQ) + ^^Q = lC^Q, (6.23) 
sm 9 sm^ 9 

where we keep the same notation for the separation constant as before. Unlike the Kerr 
case, now the angular equation 1)6. 23() is that for the associated Legendre functions so we 
have 

/C2 = /(/ + l), />|m|, / = 0,1,2,... (6.24) 

Let us consider the radial equation ()6.22() in the black hole case M > a (assuming 
without loss of generality a > 0) when a regular event horizon exists. As usual, the radial 
wave function behaves near the horizon as a spherical wave, and the energy spectrum is 
continuous. One question to be answered is that of superradiance. Since the rotating dilaton 
black hole contains an ergosphere outside the horizon, it potentially has a superradiant 
instability. In an asymptotically flat spacetime such as Kerr, superradiance manifests itself 
as a quantum emission of certain modes transporting the angular momentum of the black 
hole to infinity. If the asymptotic region is non-flat, one has to analyse the set of modes 
more carefully paying attention to their behavior at infinity [301 I31j . In particular, the 
situation is different (from that of the Kerr spacetime) in the AdS-Kerr spacetime, which 
is neither asymptotically flat nor globally hyperbolic. As was argued in jSl] one is free 
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either to impose reflecting boundary conditions at infinity, or to allow for modes cj > /i 
to propagate. In the first case the superradiant modes will be reflected back to the black 
hole. These waves will generate stimulated superradiant emission and absorption, whose 
balance in the classical limit corresponds to the classical amplification phenomenon 33 . As 
a result, the superradiant modes will grow exponentially causing transport of the angular 
momentum to the field cloud rotating outside the horizon 15 , until the black hole angular 
momentum is lost completely. From the previous analysis it follows that in our case not 
all modes are reflected, so we have to explore whether the superradiant ones propagate to 
infinity or not. 

One can eliminate the first derivative in the radial equation by introducing the tortoise 
coordinate 

dr, = ^ dr, (6.25) 

leading to 

'inf^y (6.26) 



2k \r — r_ ^ 

where k = (r+ — r_)/2ror+ is the surface gravity of the horizon. Note that the range of the 
tortoise coordinate here is (— oo, 0) unlike the case of the Kerr metric, where it is the whole 
real axis. Rewriting the radial equation as 

"^^^ VR = 0, (6.27) 



we obtain the potential 

n^rA Al(l + 1) / am\^ 

V = ^+ / ,2 - — • (6-28) 

rorl (ror-+)^ r^ \ ror 

At the horizon A = the potential takes the value 

V = -k^, k = uj- mi}h, (6.29) 

where k is the wave frequency with respect to the observer rotating with the horizon. 
Therefore radial functions at the horizon are 

i? = e±^*^''*, (6.30) 

so the general solution is a superposition of ingoing and outgoing waves 

In the case of the Kerr metric one then constructs the asymptotic modes as exp[iuj{tzizr)] 
and finds that there is a constant flux at inflnity of the modes w > 0, < 0, i.e. co < milh 
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j34j . In our case one case see that the superradiant modes do not propagate to infinity. 
Indeed, all terms in the potential ()6.28|) containing the black hole parameters M, o are 
small when r — > oo, so the asymptotic behavior is still given by Eq. 1)6. 15(1 for /i 7^ 
or (|6.17() for = 0. Since all the massive modes, as well as the massless modes with 
to < {1 + l/2)/ro, are confined (do not propagate to infinity), and since \m\ < I and a < r+, 
leading to mQ^ = ma/rQr^ < {I + 1/2) /ro, all superradiant modes are reflected. Therefore 
there cannot be any superradiant flux at infinity. But it would be wrong to conclude that 
there is no superradiance at all. In fact, these modes are confined in a region outside the 
black hole. Their amplitude will grow up exponentially due to the amplification of waves 
impinging on the horizon, leading in the quantum description to a positive balance between 
stimulated emission and absorption. This effect is basically classical in nature 33^, so that 
the rotating dilaton black holes are unstable, similarly to the Kerr-AdS spacetime with 
reflecting boundary conditions |15j . 

It is interesting also to analyse the behavior of the Klein-Gordon modes in the case of a 
naked singularity, M < a. One can show that there are modes reflected from the singularity, 
so that the spectrum is partially discrete. For the discrete spectrum the Klein-Gordon norm 



j^(x)dS^ (6.32) 



s 



has to be finite. Choosing the spacelike hypersurface S to be a hyperplane t = constant, 
this condition reads here 

{ujg^^ - mg'^^)\i;\'^^/\^\d^x 

00 

An f(u-^)^-^RHr)dr <oo. (6.33) 



rgr J A 







The discussion of the eigenvalue problem depends on the value of the rotation parameter a. 
a) For a = 0, M < 0, the radial wave function behaves near r = as 

R{r) Cs + Cilnr. (6.34) 

However in this case Inr is a singular solution of the Klein-Gordon equation (|6.21|) (the 
action of the Klein-Gordon operator on it yields a delta function), so that the regularity 
condition demands C4 = 0. For fJ. = 0, the solution of the radial equation which is bounded 
at infinity is 

R{r) = Ci{r- 2M)-^/^-'f(^ + v + iujt^, \ + ^ - ^^^0, 1 + 2u- , (6.35) 
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with F a hypergeometric function. This diverges logarithmically for r — > 0, so that there 
are no regular normalisable solutions. So in this case one has again the same continuous 
spectrum as in the linear dilaton case, now describing normal scattering by the timelike sin- 
gularity r = 0. On the other hand, for fJ. ^ 0, the normalisability and regularity conditions 
lead to the two constraints C2 = in 1)6. 15(1 and C4 = 0, so that the energy spectrum is 
discrete. Our numerical computations show that, at least for small values of the angular 
momentum /, the low-lying energy levels are approximately evenly spaced, 
b) For a > 0, M < a, the approximate radial equation near r = is 

a^R"{r) - \^R{r) ~ 0, (6.36) 



with A = + 1) — m?. This is solved by a series in powers of r. In the present case 
i? = r is a singular solution of the Klein-Gordon equation 1)6. 21|) (again, the action on it 
of the Klein-Gordon operator gives a delta function), so that the regularity condition now 
reads 

i2'(0) = 0. (6.37) 

For /i / we again have two boundary conditions, C2 = and (|6.37jl . leading to a discrete 
spectrum. For ^ = 0, the energy spectrum contains as before the continuous component 
uj ^ [{I + l/2)/ro , -|-cxd[, plus possibly a finite number of discrete eigenvalues in the range 
[0, (/ + l/2)/ro]. 

In this case (M < a, = 0), the radial wave function can be obtained in closed form. 
After the change of variables 



M + cx with c = ^a? - M'^, (6.38) 



the radial equation (|6.22|) becomes 



((1 + x')d^R) + ( -l{l + 1) + R = (6.39) 



where 



' Mrouj -am , 
LO = , m = row. (6.4(Jj 

c 



Remarkably 1)6. 39() is identical to the massless radial equation in rotating Bertotti- Robinson 
spacetime (Ref.lSH]) Eq.(3.13) with ^ = 0), though the boundary conditions are quite dif- 
ferent here. Putting 

x = i|i^, (6.41) 



24 



H6.39() reduces to the hypergeometric type equation 

- ifdlR + - ifd^R - l{l + l)^R - ^{J^C - J^R = 0, (6.42) 
with u)'^ = a;' lb im . The solution of this equation which is bounded at infinity is 

R = (^^^{'^'-im')/2(i _ ^)i/2+z.^Q + J, + i + I, _ l + 2v-l-i^. (6.43) 

The regularity condition 1)6.37(1 may then be solved numerically for given values of the 
quantum numbers {l,m). We find that the number of discrete energy levels is equal to the 
azimuthal quantum number m, the sign of the energy lo being opposite to that of m. 

7 Stability of the static solution 

Having established the superradiant classical instability of the rotating linear dilaton black 
holes, we now investigate linearization stability of the static solution (j2.16j) - (j2.17() . A po- 
tentially dangerous perturbation is the s-mode. An electric time-dependent spherically- 
symmetric solution of the EMDA field equations may be written as 

ds^ = ^^idt'-e^''dr^-e^^dn\ (7.1) 
F = I^e'^-^f^+^+^UrAdt, (7.2) 

where the metric functions a, (3, 7 and the dilaton (j) depend on r and t. We assume that 
these fields are small perturbations of the static background fields of ()2.16() - ()2.17|) . 

l{r,t) = 70 (r) + e7i(r,t), a{r,t) = ao{r) + eai{r,t) 

/3(r,t) = /3o(r) + e/3i(r,t), cl>{r,t) = Mr) + eMr,t). (7.3) 

Choosing the gauge Pi{r,t) = (that is, e^^ = rgr), we obtain for the linearized Klein- 
Gordon equation and the linearized Einstein equations for the components R2 and Rqi: 

II 2(r — M) I Oil — 7^ 4>i + Oil 



„2 

(r-2M)2 r{r-2My ' 2r ' r{r-2M) 



-07:-^ - - J. nJ. ^i + + Z7^^ = 0, (7.4) 



2r +r(r-2M)"^' ^^'^^ 

di-4>i = 0, (7.6) 

where '= dt and ' = dr- Integrating the constraint equation (j7.6|) 

ai = (7.7) 
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and eliminating the perturbations ai and 71 between the equations H7.4() . H7.7() and ()7.5|) 
we arrive at the effective Klein-Gordon equation 

r^fpi 2(r-M) , 2 

(r - 2M)2 - - r(r-2M)'^i + r(r-2M)'^^ = °- ^^'^^ 

The resulting equation for growing modes 0i(r, i) = e'^*0i(r) 

2(r-M) , / 2 k'^rl \ , 

-'^1 - r(r-2M) '^^ + V r(r - 2M) + (r - 2M)^ J '^^ = °' ^^'^^ 

is seen to be identical to the radial Klein-Gordon equation ()6.22l) (with a = 0) for a massless 
scalar field with the particular value of the orbital quantum number I = 1 and imaginary 
frequency to = ik. 

Introducing the new radial variable 

1 r-2M , , 

we obtain the equation 

-0** + (2r(r - 2M) + /cVgr^),/. = (7.11) 

For real k the effective potential in (|7.11jl is positive definite for all r > 2M (in the black 
hole case M > 0), or for all r (in the singular case M < 0), so that there are no bounded 
solutions. Therefore, the static linear dilaton black holes are linearly stable in the s-sector 
(and presumably stable with respect to other modes as well). 



8 Conclusion 

We have constructed new exact solutions to the Einstein-Maxwell-dilaton-axion system in 
four dimensions describing black holes which asymptote to the linear dilaton background. 
Although these solutions are not asymptotically flat and break all supersymmetries, they 
are interesting since their asymptotic region is closely related to an exact solution of string 
theory. Non-rotating solutions may be obtained in different ways, the simplest being to 
pass to the near-horizon limit of a "parent" BPS dilaton black hole. Using the Sp{A, R) 
duality of the stationary EMDA system we were also able to find the rotating (and NUT) 
generalizations of the above solutions. The rotating linear dilaton black hole has some 
similarity with the Kerr one, but is very different asymptotically. In the limit of a vanishing 
mass parameter the rotating holes tend to the supersymmetric dilaton-axion generalization 
of the Israel-Wilson-Perjes solutions. 
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Rather unexpectedly, our new black holes have a very simple counterpart in six dimen- 
sions, where they can be uplifted using a non-local procedure involving dualization. Actually 
it is the smeared vacuum five-dimensional black hole with two equal rotation parameters. 
The spacetime symmetry of the six-dimensional solutions has a component inherited from 
the internal symmetry of the stationary EMDA system. 

The physical mass and angular momentum were computed using the Brown- York defini- 
tion of quasilocal gravitational energy-momentum tensor, and shown to satisfy the first law 
of thermodynamics consistent with the definition of the Hawking temperature via the sur- 
face gravity and of the geometric entropy as the quarter of the horizon area. A remarkable 
feature of the static linear dilaton black hole is that the temperature is constant (depending 
on a parameter of the background) and the mass is independent of it, so the heat capacity 
is zero. The rotating black hole possesses an ergosphere with an associated superradiance 
phenomenon. Analysing the asymptotic behavior of the Klein-Gordon modes, one finds 
that the superradiant modes do not propagate to infinity, but are confined in some region 
outside the black hole. This leads to an exponential growth of the superradiant modes, 
equivalent to classical instability of the rotating solution. The remaining static black hole 
is shown to be stable with respect to spherical perturbations. We have also found that in 
the case of a naked singularity the Klein-Gordon operator has regions of discrete spectrum. 
It is expected that ten-dimensional brane generalizations of our solutions exist as well, and 
presumably have holographic interpretation as thermal states of the little string theory. 
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r = 
(b>0) 



Figure 1: Penrose diagrams of the static spacetimes (|2.16j) with 6 < 0, 6 = and 6 > 0. 
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